Fluorescence lifetime measurements in a polymer chain are modeled using a memory function expansion, computer simulations, and simple scaling arguments. Unless the quenching rate is localized and infinitely fast, the fluorescence lifetime is generally not equivalent to the first passage time. The fluorescence lifetime distribution is decomposed into memory functions that can be measured separately in single-molecule experiments. The leading order of the expansion gives the Wilemski-Fixman ͑WF͒ approximation, and the convergence of higher order terms determines its validity. Simulations of the fluorescence quenching on a Rouse chain verify the accuracy of the WF approximation at small contact radii, short contour lengths, and small quenching rates. Detailed investigation of the average fluorescence lifetime reveals two competing mechanisms: the independent motion of end-to-end vector, which dominates at small contact radius, and the slowest relaxation of polymer, which dominates at large contact radius. The Wilemski-Fixman rate is used in combination with scaling arguments to predict the dependence of fluorescence lifetime on the contour length. Our predictions for the scaling of the average lifetime with the contour length are in good agreement with both simulations and recent experiments by Eaton and his group ͓L.
I. INTRODUCTION
Fluorescence quenching on a polymer chain has been of theoretical and experimental interest for a long time.
1-4 The strong dependence of quenching rate on the fluorophorequencher distance makes fluorescence quenching a sensitive probe of the loop formation dynamics in polypeptides and DNAs. Recent developments in time-resolved singlemolecule fluorescence spectroscopy provide new tools to understand conformational dynamics on the molecular level. [5] [6] [7] [8] [9] The internal relaxation of the polymer makes the quenching reaction a complicated example of diffusion-controlled reactions. Over several decades, there have been extensive discussions of diffusion-controlled reactions. [10] [11] [12] [13] [14] [15] [16] [17] [18] A widely used approximation scheme to calculate intra-chain reactions in dilute solutions was first presented by Wilemski and Fixman, 10, 11 which is referred to here as the WF approximation. The main focus of this paper is to quantify the reliability of the WF approximation for a Gaussian chain, validate the criteria with computer simulations, and predict the contour length dependence of the average fluorescence lifetime.
In paper I of this series, we studied two different regimes of the reaction kinetics modulated by conformational fluctuations and accounted for the effects of the experimental observation window in fluorescence measurements. 19 The stationary reaction process dominates in the configurationcontrolled regime while the diffusion process dominates in the diffusion-controlled regime. A path integral simulation was used to model fluorescence quenching processes on a semiflexible chain. We demonstrated that the first-order inhomogeneous cumulant expansion in the configurationcontrolled regime defines a lower bound for the survival probability, while the WF approximation in the diffusioncontrolled regime defines an upper bound and approaches the exact result at large diffusion coefficients. In the present paper, we derive the applicability criteria of the WF approximation by a memory function expansion combined with scaling arguments, and establish its relation to chain length, contact radius, and quenching rate. Within the region of validity for the WF approximation, we investigate the chain length dependence of the fluorescence lifetime measurement of a single Gaussian chain.
Although the relaxation of each normal mode of a polymer chain is Gaussian and Markovian, the end-to-end distance motion is generally non-Markovian. The quenching rate probed by fluorescence experiments is a function of the end-to-end distance and is in general not localized. If the quenching rate is infinitely fast and localized at the contact radius, the fluorescence is quenched upon first contact and the fluorescence lifetime becomes the first contact time or the first passage time. Yet this equivalence does not hold for a general quenching rate. Several simplified approaches have been proposed to address the fluorescence-quenching problem in a polymer chain. The Szabo-Schulten-Schulten ͑SSS͒ theory in Ref. 12 considers the effective diffusion of the end-to-end distance. A similar approach has been adopted to study the semiflexible polymers where a potential of mean force is mapped out from the equilibrium distribution of the end-to-end distance. 20 These reduced approaches neglect the non-Markovian nature of the end-to-end distance motion and a͒ Author to whom correspondence should be addressed. Electronic mail: jianshu@mit.edu do not necessarily describe the complete range of scaling relations between the first passage time and the contour length even for a simple Rouse chain. The WF approximation, although derived from a Markovian approximation for the quenching rate, works surprisingly well for a Gaussian chain and has been validated in a set of experiments and simulations. 2 For a diffusion process with a delta-function reaction rate, the quenching rate degree of freedom is Markovian and the WF approximation becomes exact. In Appendix A, we demonstrate this special case and the equivalence of the delta-function sink and the radiative boundary condition. In general, the applicability of WF approximation to a polymer system depends strongly on the contour length, the experimental quenching rate, the contact radius, the solvent viscosity, etc. In Sec. II, we discuss a generalized expansion of the WF approximation and a quantitative criteria for its reliability for a Gaussian chain.
For real polymers such as polypeptide chains, fluorescence lifetime measurements provide a quantitative tool to investigate the effects of chain contour length and stiffness. In a series of fluorescence quenching experiments, Eaton et al. studied these effects in the diffusion-controlled regime by varying intervening residues on a polypeptide chain. In their experiments, a fluorophore-quencher pair, for example, tryptophan and cysteine, are attached to the ends of a polypeptide chain. On optical excitation, the fluorophore is excited to a state with long lifetime, and is quenched efficiently upon contact with the quencher. The average quenching lifetime ͗t͘ clearly indicates the loop formation. Their experiments show that the effective quenching rate k eff ϭ1/͗t͘ exhibits an N Ϫ3/2 dependence for long chains and has a nonmonotonic N dependence for short chains due to chain stiffness. In Sec. III C, a theoretical calculation is carried out to investigate this observation. Fluorescence resonance energy transfer ͑FRET͒ is another promising tool to probe polymer dynamics on short time and length scales. In FRET experiments donor and acceptor dye molecules are attached at two different points of one polymer or two different polymers. Upon excitation, nonradiative energy transfer from donor to acceptor may occur. The energy transfer rate has an inverse power-law dependence on the donor-acceptor distance. According to Förster theory, K(R)ϭk F (R/R F ) Ϫ6 , with R F the Förster radius at 50% transfer efficiency. A recent Brownian dynamics simulation by Srinivas and Bagchi showed a power-law dependence of the average lifetime on the chain length with an exponent of 2.6. 21 A power-law dependence with a smaller exponent was observed earlier by Pastor, Zwanzig, and Szabo in a simulation of the first passage time in a Rouse chain. 13 The larger exponent observed in the FRET simulation may arise from the 1/R 6 dependence, or an enhancement of the effective persistence length from the excluded volume effects. In Sec. III we analyze the contour length dependence based on the semiflexible Gaussian chain model for polymers.
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II. MEASUREMENTS AND CALCULATIONS OF AVERAGE FLUORESCENCE LIFETIME
Let us consider a general scenario where a fluorophore is attached to one end of a chain polymer and a quencher is attached to the other end. The fluorescence-quenching process determined by the rate K is coupled to the internal relaxation of the polymer described by the relaxation operation L. The survival probability of the fluorescence evolves as
where the operator L represents the internal relaxation of the polymer and reduces to the Smoluchowski operator for simple diffusion, and KϭK(R) is the first-order reaction rate coefficient which depends on the fluorophore-quencher distance R. In bulk measurements, we optically excite the fluorophores attached to polymers in solution to their excited states at zero time and then monitor the total fluorescence intensity. The average fluorescence lifetime is obtained by integrating the decay profile of fluorescence intensity. In single-molecule experiments, short laser pulses are constantly applied to the single polymer at high frequency so that the fluorophore is quickly pumped back to its excited state once the fluorescence is quenched by the quencher. As a result, fluorescence trajectories are registered with instantaneous interruptions of quenching events. With these sequences of events, we can determine the fluorescence lifetime distribution function and other single-molecule quantities, such as the multiple-event density and high order memory functions discussed later in this section. In comparison to bulk measurements, these single-molecule trajectories provide detailed information of the polymer dynamics without inhomogeneous averages, which is a powerful tool to probe conformational dynamics on the molecular level.
A. First passage time and fluorescence lifetime
When the quenching process is localized, e.g., K(R) ϭq 0 ␦(RϪa), the fluorescence-quenching event is a clear indication of the formation of a physical contact. For q 0 →ϱ, the fluorescence is quenched upon first contact and the quenching reaction reduces to the Smoluchowski boundary condition. In this limit the quenching time or the fluorescence lifetime becomes the first passage time or the first contact time. In reality, the fluorescence is not quenched completely upon contact. As a result, the fluorescence lifetime includes contributions from the second contact, the third contact, and so forth. These additional contributions distinguish the fluorescence lifetime from the first passage time.
In Fig. 1 , we plot the simulation results of a Rouse chain. The simulation details are elaborated in Sec. II D. The deltafunction quenching rate K(R)ϭq 0 ␦(RϪa) is approximated by a narrow Gaussian and the contact radius is identical to the bond length. The mean first passage time is obtained from simulation assuming the same Smoluchowski boundary condition as in Ref. 13 . At large q 0 's, the average fluorescence lifetime approaches the mean first passage time. This result demonstrates the difference between the fluorescence lifetime and the first passage time, and this difference approaches zero in the limit q 0 →ϱ.
In Appendix A, we discuss the equivalence of radiative boundary condition and delta-function sink. For the reaction rate given by K(r)ϭk 0 ␦(rϪa) and r governed by the diffusion operator L, the WF approximation becomes exact and 1 (0) is the first contact time. In the limit k 0 →ϱ, the aver-age fluorescence lifetime is equivalent to the first passage time. In general, this equivalence does not hold when K is not infinitely fast and localized, or when L is not a diffusion operator.
B. Generalized Wilemski-Fixman expansion and single-molecule measurements
In the time domain, the quenching time distribution is the time derivative of the survival probability F(t)ϭ ϪdS(t)/dt, which in Laplace space is
For the diffusion-controlled reaction, the survival probability is Ŝ (z)ϭ͗(zϩKϪL)
Ϫ1 ͘, where ͗¯͘ represents the ensemble average over the initial equilibrium configuration. As such, the mean quenching time ͗t͘ϭϪF Ј(zϭ0) is equivalent to the average lifetime Ŝ (0). We can also demonstrate this relation within the modulated reaction model discussed in literature. [22] [23] [24] The probability density for a quenching event at time t is the cumulative probability to have the previous quenching event occurring at least t time before, giving
͑3͒
The Laplace transform of the quenching time distribution is F (z)ϭz
Ϫ1 ͔K͘, which is equivalent to Eq. ͑2͒. This interpretation relates the quenching time distribution function to the single event distribution function, ͗Ke Ϫ(KϪL) K͘, discussed in Refs. 23 and 24, which provides a unique way to determine the lifetime distribution function in single-molecule measurements.
To calculate the average fluorescence lifetime, we derive a rigorous expression of Ŝ (0). First we expand the survival probability as ϭĜ (z)Ϫ P eq /z is obtained by subtracting the asymptotic limit P eq /z from Ĝ (z). This expansion is identical to Eq. ͑10͒ in paper I of this series, 19 and is cited here for completeness. Then we re-sum the expansion, leading to
kϭ͗K͘ is the homogeneous average of the reaction rate and
. Given the definition of the nth order memory function n (z)ϭk Ϫ(nϩ1) ͗KĜ ЈK¯Ĝ ЈK͘, we obtain the relation between Ŷ n (z) and the memory functions
The re-summation result for the special case with L being the diffusion operator is derived in Ref. 19 . Under the Markovian assumption of the quenching rate, n (z)ϭ 1 n (z), we have Y nу1 ϭ0, and the expansion in Eq. ͑5͒ reduces to the well-known WF approximation
In fact, the nth order memory function can be measured directly from single-molecule experiments. In these experiments, a high frequency laser source is constantly applied so that the fluorophore is re-excited once the fluorescence is quenched. Consequently, temporal trajectories of quenching events in a single polymer are recorded. The nϩ1 event density N nϩ1 ϭk Ϫ1 ͗KĜ (z)K¯KĜ (z)K͘ can be collected from these single-molecule trajectories and provides a comprehensive probe of the nth order memory function 23, 24 n ͑ z ͒ϭk with N 1 ϭ1 and 0 (z)ϭ1. Equations ͑5͒ and ͑8͒ provide a link between the ensemble-averaged fluorescence intensity measurements and the single-molecule multi-event measurements.
C. Criteria for applying WF approximation
The average fluorescence lifetime is obtained easily from the expansion
which reduces to the WF approximation ͗t͘ϭ1/͗K͘ ϩ 1 (0) if truncated at the first order. The accuracy of the WF approximation is determined by the contribution from higher order terms in the expansion. Although a rigorous proof of the convergence criteria for the alternating series expansion is not available, we can estimate the higher order contributions for a Gaussian chain. From previous discussion, we know that all the nonzero contributions of the higher order terms arise from the non-Markovian nature of the quenching rate. Rescaling the time by the slowest relaxation time R , we estimate Ŷ n (0)ϰk nϩ2 R nϩ1 , which leads to the sufficient criteria for the applicability of the WF expression
This criteria involves two time scales of the reaction dynamics: the homogeneous average reaction time 1/k and the slowest relaxation time R . Equation ͑10͒ requires the relaxation time scale to be smaller than the reaction time scale, which is consistent with the local equilibrium approximation. 13, 25 For a quenching reaction with a delta-function sink K(R)ϭq 0 ␦(RϪa) on a Rouse chain, the homogeneous average rate is kϳq 0 a 2 /N 3/2 b 3 , given that the contact radius a is normally much smaller than the equilibrium end-to-end distance. The slowest relaxation time is R ϳN 2 b 2 /D 0 where b is the equilibrium bond length. Combination of k and R yields an explicit expression of the criteria in Eq. ͑10͒
Therefore, for a Gaussian chain of fixed bond length the WF approximation is accurate for short contour length N, small contact radius a, small quenching rate q 0 , or large diffusion coefficient D 0 .
D. Simulation of a Rouse chain
To examine the accuracy of the criteria in Sec. II C, we perform computer simulations to compute the average fluorescence lifetime in a Rouse chain. In our simulation, we consider a Rouse chain with a fluorophore attached to one end and a quencher attached to the other end. The potential energy of the chain is
where b is the equilibrium bond length and r n is the position of the nth bead. The quenching time is averaged over many trajectories. For each trajectory, the initial configuration is generated from the equilibrium distribution P eq ϭN exp ͓Ϫ␤U͔, and N is the normalization factor. Here we adopt the Ermak-McCammon algorithm to generate dynamic trajectories of Rouse chain. 13, 26 The evolution of the nth bead's position is
where ⌬ is the time step and x n is a random displacement from a normal distribution with zero mean and variance 2D 0 ⌬. The quenching probability for each time step is 1 Ϫexp͓ϪK(R)⌬͔ and R is the end-to-end distance at time t. Upon detection of a quenching event in our simulation, we record the quenching time and restart the simulation with a new initial configuration. In our simulation we take bϭ1, D 0 ϭ1 and use a specific functional form of quenching rate, 3,4 K(R)ϭq 0 exp͓Ϫ␥(RϪa)͔ with ␥ϭa Ϫ1 . The results for the average fluorescence lifetime are displayed in Fig. 2 . The criteria in Eq. ͑11͒, although obtained from simple scaling arguments, is surprisingly reliable. At aϭ0.1, q 0 ϭ5.6, the WF expression reproduces all the simulation results for the contour lengths up to Nϭ100. At a larger contact radius aϭ1 with q 0 fixed, the WF approxima- tion deviates from the simulation result, and the deviation becomes more prominent at larger contour lengths. At lower quenching rates q 0 , the WF approximation shows excellent agreement with simulation. In all three subplots, the agreements are generally better for shorter Rouse chains. As predicted by Eq. ͑11͒, for short contour lengths, small contact radii or small q 0 , the relaxation time scale is much smaller than the reaction time scale. In this limit, the Markovian assumption of the quenching rate or the local equilibrium approximation becomes valid, so the WF approximation is accurate.
It can be seen from Fig. 2 that the WF results have different slopes in the log-log plot at different contact radii. As demonstrated in Sec. II C, the WF approximation includes two contributions, the homogeneous average rate 1/͗K͘ and the average relaxation time 1 (0). To examine the details of the length dependences, we plot these two contributions separately in Fig. 3 . The scalings of both quantities with contour length show strong dependencies on the contact radius; 1/͗K͘ scales as N 3/2 at aϭ0.1 and has a smaller scaling exponent at a larger contact radius aϭ1. The scaling exponent of 1 (0) decreases with the contact radius. Different contour length dependences are also observed for different contact radii with Smoluchowski boundary conditions, as shown by Pastor and Szabo's simulations, which corresponds to a delta-function sink in the limit q 0 →ϱ ͑see Sec. II͒. Based on our calculation and their simulation, different scaling relations for different radii arise naturally from 1 (0). We investigate the contour length dependence in the following section and discuss Fig. 3 further.
III. CONTOUR LENGTH DEPENDENCE AND SEMIFLEXIBILITY
For synthetic and biological polymers, fluorescence lifetime measurements provide a quantitative tool to investigate the dependence of fluorescence lifetime on contour length. Real polymers have excluded volume, hydrodynamic, and monomer-specific interactions, resulting in variations in chain stiffness over a wide range of length scales. In this section we study the effects of semiflexibility and contour length dependence on conformational dynamics of single macromolecules. We limit our discussion to fluorescence quenching and fluorescence resonance energy transfer ͑FRET͒. The major difference between them is the distance dependence of K(R): the fluorescence-quenching rate falls off exponentially, K(R)ϭq 0 exp͓Ϫ␥(RϪa)͔, and the FRET rate has an inverse power-law dependence,
Ϫ6 . For a Gaussian chain, the equilibrium distribution of the end-to-end distance is
where ͗R 2 ͘ is the mean square end-to-end distance. The
Green's function of the end-to-end distance is
where (t) is the normalized distance correlation function defined in the literature. 22 For a Rouse chain, the explicit form of (t) is given by Szabo and others. 13, 25 In paper I, 19 we demonstrate that either the reaction or the relaxation time scale can dominate chain conformational kinetics depending on the experimental scenarios. The present discussion centers on the diffusion-controlled regime, which has been measured experimentally and studied numerically. 2, 4, 13 The WF theory defines two fundamental quantities, the homogeneous average rate kϭ͗K͘ and the memory function 1 (t). Both are sensitive to the functional form of the reaction rate. In Secs. III A and III B, we assume a delta-function reaction sink K(R)ϭq 0 ␦(RϪa) and analyze the dependence of k and 1 (0) on the persistence length and chain length. Here, a is the contact radius for fluorescence quenching processes and the Förster radius R F for FRET processes. In Sec. III C, we use an exponential quenching rate and compare our predictions with the fluorescence-quenching experiment by Eaton and his coworkers. In Sec. III D, we discuss the lifetime and yield measurements in FRET experiments. 
A. Homogeneous average rate k
Given the equilibrium distribution in Eq. ͑14͒ and the delta-function sink, we have kϰ a
where the mean square end-to-end distance ͗R 2 ͘ is a function of N. As illustrated in Fig. 4 
B. Memory function 1 "0…
The memory function 1 (t) for a delta-function sink is rigorously obtained as
͑17͒
where x 0 ϭ3a 2 /2͗R 2 ͘ and (t) is the normalized distance correlation function. To estimate the contour length dependence, we expand 1 (t) at small 2x 0 (t)/͓1Ϫ 2 (t)͔, giving
ϩ¯. ͑18͒
At short times, both ends move independently, giving (t) Ϸ1Ϫ6D 0 /͗R 2 ͘t. 22 In this time region, (t) is close to 1 and the expansion is no longer valid. We can estimate the invalid region of the expansion as 2x 0 (t)/͓1Ϫ 2 ͔Ͼ1, giving (t)Ͼ1Ϫx 0 or equivalently tϽ͗R 2 ͘x 0 /6D 0 ϭa 2 /4D 0 . Accordingly, we break the full integration into two parts 1 (0)ϭI 1 ϩI 2 with
where Tϭa 2 /4D 0 . Within ͓0,T͔, 1 (t)Ϸ1/4ͱ2x 0 3/2 , yielding an estimation of the first term 3 /12ͱ2D 0 a in the SSS theory where only the diffusion of the end-to-end distance is considered, 13 I 1 is off by a factor of 2ͱ2. The second term I 2 is essentially dominated by the slowest relaxation time R , yielding a different scaling
It is clear that two competing processes contribute differently to 1 (0). The diffusive motion of end-to-end vector dominates at short time, while the collective relaxation of the polymer dominates at long time. The relative weights of these two contributions are determined by the contact radius a. 1 (0) is dominated by I 1 at small a and by I 2 at large a, and the crossover falls roughly into the region where these two integrals are comparable. The length dependence of (0) is determined by both I 1 and I 2 . For the dependence on semiflexibility and contact radius, we make several observations.
͑1͒ 21 for a semiflexible chain with L p comparable to the contour length and excluded volume effects reported an exponent of 2.6. This result lies between the flexible chain limit and the stiff chain limit.
͑3͒ In the presence of hydrodynamic interactions, the normal modes of a semiflexible chain are approximated using the pre-averaged approximation for the hydrodynamics tensors introduced by Zimm. 27,28 Details can be found in our previous work. 22 The scaling relations are summarized as:
Consequently, 1 (0) scale with N and has a smaller exponent in presence of hydrodynamic effects.
In short summary, both 1/k and 1 (0) scale with the contour length for long polymer chains. The scaling exponents are listed in Table I . At small contact radius, 1 (0) is dominated by the integral I 1 , which depends only on the equilibrium end-to-end distance. I 1 has the same scaling exponents with and without hydrodynamic interactions. While at large contact radius, 1 (0) is dominated by the integral I 2 , which depends on the slowest relaxation time and has different scaling exponents with and without hydrodynamic interactions.
C. Intramolecular fluorescence quenching: Comparison with Eaton's experiments
Quenching of the long-lived triplet state of tryptophan by cysteine provides an accurate way to measure the rate of loop formation in polymer chains. With tryptophan at one end of a semiflexible peptide and cysteine at the other, Eaton et al. were able to obtain the diffusion-limited rate of contact formation. They measured the length dependence and the viscosity dependence of the effective quenching rate by varying the number of intervening Ala-Gly-Gln sequences. The effective quenching rate is defined as the inverse of average lifetime, k eff ϭ1/͗t͘Ϸk/͓1ϩk 1 (0)͔. In this section, we mainly address two important experimental findings by the Eaton group.
͑1͒
The scaling of the effective quenching rate approaches N Ϫ3/2 for chain length Nϳ15 but depends less on N for shorter peptides. 
͑2͒
The diffusion coefficient required to fit the diffusioninfluenced rate is about ten times smaller than the value expected for free diffusion of the contacting residues. 4 From the Gaussian distribution in Eq. ͑14͒ and the exponential quenching rate K(R)ϭq 0 exp͓Ϫ␥(RϪa)͔, the homogeneous average quenching rate is obtained as
2 for a flexible chain and ␥ϭa Ϫ1 , is a large number for small a and large N. In the asymptotic limit →ϱ, ͗K͘ reduces to q 0 ͱ8/ Ϫ3/2 and scales as N Ϫ3/2
. For the case where the contact radius is about the bond length, the asymptotic scaling is approached for large contour lengths. Furthermore, 1/͗K͘ does not exhibit a monotonic dependence on the contour length for short polypeptide chains due to the chain stiffness.
In Fig. 6 , the effective quenching rate is calculated numerically with and without hydrodynamic interactions. The contour length dependence of the effective quenching rate is close to the experimental observation. 2 For short peptide chains, k 1 (0)Ӷ1, the overall quenching rate is dominated by the k given in Eq. ͑23͒. At large N, the probe radius a falls on the left edge of the equilibrium distribution and k decreases with increasing N, which agrees favorably with the calculations of Eaton et al. 4 Our calculations predict a weaker dependence on N around Nϭ3 due to the chain stiffness. The probe position a for a short peptide chain with N ϭ3 occurs at the right edge of the distribution, as illustrated in Fig. 4 , and produces the small decline of the curve. In our simulation, the effective quenching rate for long peptide chains is dominated by 1/ 1 (0). In the absence of hydrodynamic interactions, 1/ 1 (0) scales with the contour length as N Ϫ2 where the contact radius is comparable to the bond To better approximate the exponential quenching rate with the delta-function sink, the effective probe radius should be greater than the contact radius a. Real polymers are closer to the worm-like chain model than the semiflexible Gaussian chain model. The semiflexible Gaussian chain model normally gives smooth equilibrium distribution P eq (R), as shown in Fig. 4 , while the worm-like chain model predicts much sharper decay at right edges of the distribution. 4, 29 Therefore, the worm-like chain model predicts sharper decay of k as a falls at the right edge of the distribution. As a combination of these two effects, the homogeneous average quenching rate kϭ͗K(R)͘ should decline faster at small contour lengths, as demonstrated in Eaton's experiments. 4 In general, the effective diffusion process of the end-toend distance R is non-Markovian. A natural way to introduce an effective diffusion coefficient is
This definition differs from D 0 ϭ2k B T/ used in Pastor, Zwanzig and Szabo's work 13 and reflects the independent motion of the polymer beads at both ends while containing no information on the collective motion of the whole Another laser-induced fluorescence spectroscopy technique that provides complementary information on the internal relaxation of biopolymers is fluorescence resonance energy transfer ͑FRET͒. This technique has been extensively used in single-molecule studies of conformational dynamics of proteins, DNAs, RNAs and other biomolecules. [7] [8] [9] The inverse power-law transfer rate diverges at R→0 where the transition dipole-dipole interaction no longer holds. To facilitate the calculation, we use a modified expression for
where ⑀ is a small quantity that represents the breakdown of the weak dipole-dipole interaction for small R. This expression reduces to the quantum yield for FRET processes when ⑀ϭ1. Thus the discussion applies to quantum yield measurements as well. The Fourier transform of the FRET rate is
Ӷ1. Considering that ⑀ is a small number, the FRET rate is well approximated by a delta-function sink K(R)ϭk 0 ␦(RϪR F ) with k 0 ϭR F k F /(6ͱ⑀). 22 The contour length dependence roughly follows Table I .
IV. CONCLUSION AND DISCUSSIONS
Here we summarize our findings. For the fluorescencequenching process in a polymer chain, the fluorescence lifetime is not equivalent to the first passage time unless the quenching rate is infinitely fast and localized at the contact radius. Based on a generalized Wilemski-Fixman formalism, the fluorescence lifetime distribution function can be decomposed into memory functions that are measurable in singlemolecule experiments. A sufficient criteria, k R Ͻ1, for the validity of the WF approximation is obtained from the expansion for a Gaussian process. This criteria for a Gaussian chain predicts that ͗t͘ϭ1/kϩ 1 (0) is a reliable approximation for small contact radii, slow quenching rates or short contour lengths. The theoretical prediction is corroborated by computer simulations of quenching processes in a Rouse chain. FIG. 6 . Dependence of the effective quenching rate k eff ϭ1/͗t͘ on the chain length ͑a͒ without hydrodynamic interactions and ͑b͒ with hydrodynamic interactions. The time unit is b 2 /6D 0 . The persistence length is L p ϭ2, and the quenching rate at contact is estimated from experimental data to be q 0 ϭ5.6. Due to the chain stiffness, k eff does not have a monotonic scaling for very short chains. For a relatively long chain, the effective rate is dominated by 1/ 1 (0), yielding N Ϫ2 scaling without hydrodynamic interactions and N Ϫ3/2 scaling with hydrodynamic interactions, respectively. The N Ϫ3/2 scaling was observed by Eaton et al. 2, 4 for Nϳ15.
The dependence of physical properties, such as average fluorescence lifetime, on the chain length is crucial for characterizing polymers and can be used to quantitatively determine the chain stiffness. For reaction kinetics in the diffusion-controlled regime, the average fluorescence lifetime is well approximated by ͗t͘ϭ1/kϩ 1 (0). For localized reaction rate K(R)ϭq 0 ␦(RϪa), where a is the contact radius for fluorescence quenching or the Förster radius for FRET, 1/k scales as N 3/2 for flexible chains and N 3 for stiff chains. The scaling of the 1 (0) with the contour length N is characterized by two competing processes, the independent motion of the end-to-end vector and the slowest relaxation of polymer. The former dominates at a small contact radius and the latter dominates at a large contact radius. For flexible chains, 1 (0) scales as N 2 at a large contact radius and N 3/2 at a small contact radius, while for stiff chains, 1 (0) scales as N 3 at a large contact radius and N 4 at a small contact radius. The scaling relation for a flexible chain agrees well with Szabo's simulation. 13 Srinivas and Bagchi's simulations of a semiflexible chain with L p comparable to contour length gives an exponent of 2.6 for ͗t͘, which lies between the flexible and the stiff limits. 21 In the presence of hydrodynamic interactions, 1 (0) has a smaller scaling exponent, which scales as N 3/2 for a flexible chain, and as N 3 at a small contact radius and N 7/2 at a large contact radius for a stiff chain.
An application of the scaling relations to the fluorescence-quenching experiments by Eaton and his group clarifies two findings:
͑1͒ For intramolecular fluorescence-quenching processes, the effective quenching rate is given by k eff ϭ1/͗t͘. For long polymer chains, the effective quenching rate is dominated by 1 (0) and exhibits N Ϫ3/2 scaling. For short polymer chains, the effective quenching rate is determined by k, the homogeneous average rate; k decreases as N increases when the contact radius falls on the left edge of the equilibrium distribution P eq (R), and increases with N when the contact radius falls on the right edge of the equilibrium distribution. Our calculations agree quantitatively with the experimental data of Eaton et al. 4 where the effective quenching rate k eff approaches the N Ϫ3/2 scaling for long polymer chains and depends less on N for short chains.
͑2͒ Through normal mode decomposition, nonMarkovian relaxation of the end-to-end distance for a semiflexible chain is composed of a number of Markovian processes. The end-to-end distance undergoes an effective diffusion on the potential of mean force. Phenomenologically, the effective diffusion coefficient is related to the distance correlation function by 6D eff ͐ 0 ϱ (t)dtϭ͗R 
͑A6͒
Equation ͑A6͒ is exactly a sum of contributions from the left and the right regions of the boundary with proper weight. It is the same result as the SSS theory with radiation boundary conditions. It proves the equivalence of delta-function sink and radiation boundary conditions. In the limit k 0 →ϱ, the radiative boundary becomes the absorbing or Smoluchowski boundary and the fluorescence lifetime becomes 1 (0) in Eq. ͑A5͒. This is the same as the first passage time given by the Szabo-Schulten-Schulten theory. 12 In higher dimensions, the real reactive sink is defined as a hyper plane in a multi-dimensional space. For example, K(r)ϭk 0 ␦(rϪa) is actually a reactive spherical surface in a three-dimensional space. Under such conditions, the whole space can be separated into two regions, inside and outside the reactive surface. This separation scheme given in Eq. ͑A6͒ still holds for such cases. With a reactive surface, the Wilemski-Fixman approximation is only exact when the reaction coordinate r is Markovian, for example, LϭDٌ•ٌ͓ ϩٌ␤U(r)͔. For this special case, we can prove that the reaction rate degree of freedom k(r) is precisely Markovian. Hence the average lifetime is For non-Markovian reaction coordinate, the reaction rate degree of freedom is not Markovian even when the reaction rate is localized. Therefore the Wilemski-Fixman approximation is no longer exact.
